Nearest-neighbor coupled-mode theory is a powerful framework to describe electromagnetic-wave propagation in multicore fibers but it lacks precision as the separation between cores decreases. We use abstract symmetries to study a ring of evenly distributed identical cores around a central core, a common configuration used in telecommunications and sensing. We find its normal modes and their effective propagation constants while including the effect of all high-order inter-core couplings.
I. INTRODUCTION
Multicore optical fibers are devices of great importance. In telecommunications, they increase transmission bandwidth via space-division multiplexing [1] by parallel transmission of, either, signals though different uncoupled cores [2] [3] [4] , or normal modes arising from coupled cores [5, 6] . In sensing, they provide a powerful platform for detection due to the high sensibility of the inter-core couplings to external conditions of the fiber; for example, sensors for curvature, refractive index and temperature have been experimentally demonstrated [7] [8] [9] [10] [11] [12] . Both in telecommunication and sensing applications, it is crucial to describe the inter-core cross-talk as accurately as possible.
In multicore fibers, when cores are not excessively close to each other, different cores are coupled by the evanescent tails of their individual modes. This allows the use of coupledmode theory to approximate electromagnetic field propagation by a linear combination of the individual core modes [13] [14] [15] ,
where the vector E(z) collects the amplitudes for each individual core mode and M is the mode-coupling matrix that stores the information about effective propagation constanst for the individual core modes in the diagonal and the effective couplings between these modes in the off-diagonal elements. The normal modes of the multicore structure are determined by the eigenvectors of the mode-coupling matrix and their propagation constants are the corresponding eigenvalues.
We focus on a multicore optical fiber with an underlying cyclic symmetry. It is composed by n identical cores evenly distributed on a ring around a possibly-different central core, Fig. 1 . This structure, both with and without the central core, has been studied before using nearest-neighbor coupled-mode theory. In a seminal paper [13] , Snyder reduced the problem to that of two coupled effective modes, one with nonzero amplitudes in each of the outer cores and another with nonzero amplitude in just the central core. Yamashita et al.
used symmetry considerations and Maxwell's equations to study the circular array without a central core [16] . Kishi et al. followed this approach to study particular cases of the circular array with a central core [17, 18] . The nearest-neighbor coupled-mode theory solution for the circular array is well-known [19, 20] . It has been used to study the commensurability of propagation constants [21] and the stability of nonlinear generalizations [22] [23] [24] . In particular, this approximation shows good agreement between theory and experiment for the seven-core array [25] [26] [27] [28] [29] [30] . However, longer propagation distances and higher sensing precision requires going beyond nearest-neighbor interactions [18] .
Group-theoretical techniques are a powerful tool to describe electromagnetic field mode amplitude propagation in waveguide arrays with underlying symmetries [31] [32] [33] [34] [35] [36] . Here, we use the cyclic symmetry of this annular multicore fiber to account for the effective coupling between any pair of cores. We focus on the normal modes with vertical polarization but the results can be extended for other polarization modes. In the following, we will assume that each core is a single-mode optical fiber supporting an LP 01 mode. We first find the normal modes for the outer cores without the central core using the discrete Fourier matrix. Then, we include the central core and show that only one of the discrete Fourier modes couples to it.
Finally, we find the normal modes of the whole fiber and provide their effective propagation constants. For the sake of comparison, we use finite element simulations to confirm our higher-order neighbor results.
II. OUTER RING CORES
First, we focus on the outer ring composed by n identical single-mode fiber cores evenly placed in a circular array. We label the cores from 1 to n in clockwise order, Fig. 1 . Since all the cores are identical, we label the effective propagation constant for every single core mode as β. We call the effective k-th neigbor coupling g k with k = 1, 2, . . . , n/2 ; the function x yields the greatest integer less than or equal to the argument x. The coupling between a pair of cores decreases with the distance, g 1 > g 2 > . . . > g n/2 . We can write the elements of the mode-coupling matrix in the following manner,
The first and last upper and lower diagonals in the mode-coupling matrix contain all the first neighbor couplings, g 1 , and so on. The cyclic symmetry of the system produces shifts in the columns of the coupled-mode matrix. This symmetry is embodied by the discrete cyclic group with n elements, Z n . We have used in the past the fact that both the representation of the generator of Z n and the coupled-mode matrix are diagonalized by the Fourier matrix
This approach yields the propagation constants for the normal modes of the circular array,
In the first-neighbors approximation, where g k → 0 for k ≥ 2, these values match previous results [19, 21] . The first mode propagation constant, λ 1 , is always the largest value because all the arguments in the cosines are zero. Its corresponding supermode has equal field amplitudes in all the cores. Additionally, there is multiplicity in the propagation constants.
The second propagation constant is equal to the n-th one, λ 2 = λ n , the third is equal to the (n − 1)-th one, λ 3 = λ n−1 , and so on. When n is even, there are n/2 − 1 duplicated propagation constants and two non-duplicated ones, λ 1 and λ n/2+1 . When n is odd, there are (n − 1)/2 duplicated and a single non-duplicated, λ 1 .
The normal modes, or supermodes, are given by the action of the discrete Fourier matrix on the standard orthonormal basis [35] . The mode corresponding to the j-th effective propagation constant is the j-th column of the conjugate transpose of the discrete Fourier matrix,
whereê j is j-th vector of the standard orthonormal basis. This allows us to realize that the normal modes are independent of the coupling and propagation constants, Eq. (3). They form a complete orthonormal basis, thus the duplicity in propagation constants is not a degeneracy.
III. FULL MULTICORE FIBER
Now, we add the central core by assigning an effective propagation constant β c to it and an effective coupling g c between it and each other core in the outer ring. The mode-coupling matrix for the whole system can be written as a block matrix,
This matrix can be diagonalized by extending our procedure above. This leads to an effective coupling, with strength √ ng c , between the central single core mode and the first supermode of the external cores,
Snyder discussed the coupling between these two modes [13] . The rest of the outer ring supermodes do not couple to the central core and, therefore, remain normal modes when the central core is added. It is straightforward to diagonalize the effective two-by-two realsymmetric mode-coupling matrix D c and obtain the propagation constants,
for the supermodes of the whole multicore fiber. The propagation constant λ + is the largest, but λ − is not necessarily the smallest. The supermodes with propagation constants λ + and λ − have nonzero complex field amplitudes in the central core. The mode associated with λ + has field amplitudes with identical phases in all cores. That associated with λ − has a π phase difference between the central core and the outer field amplitudes. We will call these symmetric and anti-symmetric phase modes,
where the n-dimensional vectors u 1 and 0 n are the first supermode of the external ring and the zero vector, in that order. The mixing angle,
allows us to control the total field intensity distribution in the outer ring and the central core. For example, if the system is designed to fulfill λ 1 = β c , the total power in the outer cores will be identical to the power in the central core.
We use numerical finite element simulation to validate our coupled-mode theory analysis. For the sake of curiousity, we study a continuous case where a ring core surrounds the central core. A type of this concentric ring fiber has been used to experimentaly measure the Abraham force of light over a liquid contained in a central hollow core [37] . We expected the symmetric and anti-symmetric phase modes to survive with effective propagation constants in the outer ring and central core given by β R and β c , in that order, and a finite coupling where g c √ n → g R . This yields an effective two-mode coupled array with propagation 
IV. CONCLUSIONS
In summary, we provided a symmetry-based analysis for a multicore fiber composed by n evenly spaced cores around a central core. The cyclic group Z n allowed us to find the normal modes and their propagation constants considering all inter-core couplings. First, we used the discrete Fourier matrix to resolve the normal modes of the outer cores and their propagation constants; none of these supermodes depend on the parameters of the system. Then, we studied how these outer core modes couple to the central core and confirmed Snyder's seminal result [13] : only the supermode composed by equal complex field amplitudes in all the outer cores couples to the central core. The rest n − 1 outer core supermodes, whose field distribution does not depend on the parameters of the system, remain uncoupled to the single central core mode.
We used finite element analysis to verify our theoretical results for a fiber where all cores are identical to a good agreement; the relative differences between analytic and numerical results were of the order of 0.01% and 0.78% of the numerical value for the effective propagation constant of each core and the coupling between cores, in that order. Our symmetry-based analysis provides a description that might help improve the prediction of crosstalk through propagation in multicore fibers for telecomm and sensing applications. 
